OBSTRUCTION-FLAT ASYMPTOTICALLY 
LOCALLY EUCLIDEAN METRICS 



ANTONIO G. ACHE AND JEFF A. VIACLOVSKY 

Abstract. We show that any asymptoticahy locahy Euchdean (ALE) metric which 
is obstruction-flat or extended obstruction-fiat must be ALE of a certain optimal 
order. Moreover, our proof applies to very general elliptic systems and in any di- 
mension n > 3. The proof is based on the technique of Cheeger-Tian for Ricci-flat 
metrics. We also apply this method to obtain a singularity removal theorem for 
(extended) obstruction-flat metrics with isolated C°-orbifold singular points. 
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1. Introduction 
We first recall the definition of an ALE metric. 

Definition 1.1. A complete Riemannian manifold {M,g) is called asymptotically 
locally Euclidean or ALE of order r if it has finitely many ends, and for each end there 
exists a finite subgroup F C SO{n) acting freely on R"\i?(0, R) and a diffeomorphism 
: M\K (R" \ B{0, R))/T where is a subset of M containing all other ends, 
and such that under this identification, 

(1.1) {^,g),, = 6,,+0{r--), 

(1.2) al'=l(^,^),, = 0(r---^). 
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for any partial derivative of order fc, as r — )■ oo, where r is the distance to some fixed 
basepoint. We say that {M,g) is ALE of order if we can find a coordinate system 
as above with (\I/*5f)jj = 5ij + o(l), and d^''^{'^^g)ij = o{r~'') for any > 1 as r — )■ oo. 

ALE spaces are ubiquitous in modern geometric analysis, and we do not attempt 
to give a complete list of references here. A crucial result in the Ricci-flat case 
was obtained by Cheeger-Tian: if {M",g) is Ricci-flat ALE of order 0, there exists 
a change of coordinates at infinity so that {M^,g) is ALE of order n, where n is 
the dimension |CT94j . This generalized and improved earlier work of Bando-Kasue- 
Nakajima [BKN89j . who employed improved Kato inequalities together with a Moser 
iteration argument. The Cheeger-Tian method has the advantage of finding the 
optimal order of curvature decay, without relying on Kato inequalities. 

Another interesting class of metrics is that of Bach-flat scalar-fiat ALE metrics in 
dimension 4, or more generally any metric satisfying a system of the form 



where the right hand side is shorthand for a contraction of the full curvature tensor 
with the Ricci tensor. In the case of anti-self-dual scalar-fiat metrics, or scalar-fiat 
metrics with harmonic curvature, it was proved in [TVOSaj that such spaces are ALE 
of order r for any r < 2, using the technique of Kato inequalities. Subsequently, 
this was generalized to Bach-fiat metrics and metrics with harmonic curvature in 
dimension 4 in |StrlOj . using the Cheeger-Tian technique. In this paper, we will 
simplify and generalize the Streets argument so that it also works for higher order 
systems and yields the optimal ALE order. A simplification from |StrlOj is that we do 
not need to perform the entire radial separation of variables on symmetric tensors to 
obtain the optimal decay rate. Rather, we show this optimal decay can be obtained 
directly in Euclidean coordinates without running into very complicated formulas in 
radial coordinates, see Proposition 12.21 

1.1. The ambient obstruction tensor. Let (M", g) be an n-dimensional Riemann- 
ian manifold, where n > 2. Recall that the curvature tensor admits the decomposition 



where W is the Weyl tensor, ® is the Kulkarni-Nomizu product, Ag is the Schouten 
tensor defined as 



where R denotes the scalar curvature. Define the n-dimensional Bach Tensor by (see 



(1.3) 



ARic = Rm * Ric, 



(1.4) 



Rm = W + Ag® g, 



(1.5) 




[CFOSllGHnH] ) 
(1.6) 



Bij = AAij - V^ViAkj + A'^'Wikji 



where A denotes the rough Laplacian (our convention is to use the analyst's Lapla- 
cian) . 
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If the dimension n is even, then the ambient obstruction tensor introduced in 
|FG85i IFG07j . and denoted by (9 is a symmetric (0, 2)-tensor that has the following 
properties: 

(1) 0{g) is trace-free. 

(2) If n = 4, Oij{g) equals Bij{g) where Bij{g) is the Bach tensor of g. 

(3) If g is conformal to an Einstein metric then 0{g) = 0. 

(4) 0{g) has an expansion of the form 

(1.7) Oij=A'^-^Bij+l.o.t., 

where l.o.t. denotes quadratic and higher order terms in curvature involving 
fewer derivatives. 

(5) 0{g) is variational, in fact 0{g) is the gradient of the functional 

H9)= [ QgdVg, 

J M 

where Qg is the Q-curvature of g. In particular, 0{g) is divergence-free. 



1.2. Extended obstruction tensors. If {M"',g) is even-dimensional, there is also 
a family of symmetric (0, 2)-tensors called extended obstruction tensors introduced 
in [Gra09] and denoted by n^''\g) where 1 < < | — 2 which have the following 
properties: 

(1) Q^'^^g) is trace-free. 

(2) When the dimension n is seen as a formal parameter, f2^^)((yf) has a pole at 
n = 2{k + 1), and its residue at n = 2{k + 1) is a multiple of the obstruction 
tensor in that dimension, for example, 

fiW = ^ B 

A-n 

and when = 4, Bij equals the obstruction tensor. 

(3) If {M,g) is locally conformally fiat then Vt^^\g) = 0. 

(4) il*^'^) (g) has an expansion of the form 

(1.8) nf'^ = \ — rA'^-'Bi, + Let., 

^ ' (4-n)(6-n)...(2A;-n) ^ 

where l.o.t. denotes quadratic and higher order terms in curvature involving 
fewer derivatives. 

To simplify notation, we define VL^^\g) = 0{g) for k = ^ — 1. 

The main theorem in this paper gives the optimal decay rate for obstruction-fiat 
or extended obstruction-fiat scalar-fiat ALE metrics: 

Theorem 1.2. Let (M^,g) be even-dimensional, scalar-flat, and n^'^^ -flat for some 
k with I < k < J — 1. If {M^,g) is ALE of order zero, then there exists a change of 
coordinates at infinity so that g is ALE of order n — 2k. 
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The method of Cheeger-Tian is to show that after a suitable change of coordinates, 
g may be written as g = + where go is Euchdean, and h is divergence- free. 
One then considers the hnearization of the (extended) obstruction tensor at the flat 
metric. In the divergence-free gauge, this becomes becomes a power of the Laplacian 
(the trace is controlled using the scalar- flat condition). An analysis of the decay 
rates of solutions of the gauged linearized equation, together with an estimate on the 
nonlinear terms in the equation, then yields Theorem 11.21 

The main technical complication is that the assumption of ALE of order does not 
directly yield a divergence- free gauge. As in |CT94] . we obtain initially a modified 
divergence- free gauge 5th = (see Section \5^. In this gauge, we must rule out 
certain solutions of the linearized equation which we call degenerate solutions (see 
Definition 15. ip . Once these degenerate solutions are ruled out, we are able to find 
a change of coordinates so that {M,g) is ALE of order /3 > 0. This step requires a 
technique of Leon Simon called the Three Annulus Lemma, which was also employed 
by Cheeger-Tian |Sim85t ICT94] . We generalize this technique so that it applies to 
higher-order equations. For this step, we show that Turan's Lemma implies the 
necessary estimates, which we prove in the Appendix. Once this step is complete, 
it is relatively easy to find a divergence-free gauge using standard Fredholm Theory, 
and then to prove the optimal decay order. This work is carried out in Sections [2Hni 

Remark 1.3. In the case of the obstruction tensor, which is conformally invariant, 
one may obtain many examples through the following construction. Let {M"',g) be 
an even-dimensional compact Einstein manifold with positive scalar curvature, and 
let denote the Green's functions of the conformal Laplacian at a point x. The 
metric g = G^g, where p = is asymptotically fiat and scalar-fiat |LP87] . Since 
Einstein spaces are obstruction-fiat jGHOSl Theorem 2.1], g is also obstruction- fiat 
and asymptotically fiat of order at least 2. If (M", g) is instead locally conformally flat 
with positive scalar curvature, the same construction yields an fi^^^-flat asymptotically 
flat space of order at least n — 2. 

Our method applies to much more general systems than just the obstruction ten- 
sors, and works in any dimension n > 3. Given two tensor flelds A, B, the notation 
A* B will mean a linear combination of contractions oi A^ B yielding a symmetric 
2-tensor. 

Theorem 1.4. Let k = 1 if n = 3, orl<k<^ — lifn>4:. Assume that {M,g) 
is scalar-flat, ALE of order 0, and satisfies 

k+l 

(1.9) A''gRic = J2 Yl VfRm*...*Vg^Rm. 

Then (M, g) is ALE of order n — 2k. 
For k = 1, this is simply 



(1.10) 



ARic = Rm * Rm. 
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We emphasize that this is more general than f ll.Sp . since the right hand side is allowed 
to be quadratic in the full curvature tensor. This is satisfied in particular by scalar- 
fiat Kahler metrics and metrics with harmonic curvature in any dimension, and also 
anti-self-dual metrics in dimension 4. These special cases were previously considered 
in |Che09] using improved Kato inequalites and a Moser iteration technique. We 
emphasize that our argument yields the optimal decay rate without requiring any 
improved Kato inequalities, and therefore applies to the more general system (11. 9p . 
The optimal decay for scalar-fiat anti-self-dual ALE metrics was previously considered 
in |CLW08t Proposition 13]. The case of extremal Kahler ALE metrics was considered 
in |CWllj . As mentioned above, the cases of Bach-fiat metrics and metrics with 
harmonic curvature in dimension 4 were considered in |StrlOj . However, we note that 
fll.lUp is more general than fll.3p . 

Remark 1.5. We do not need such a strong requirement on the decay of partial 
derivatives of arbitrarily high order in (11. 2p in Definition II. H but have assumed this 
here in the introduction for simplicity of stating the result. We only need to assume 
this up to a finite number of partial derivatives, see Remark 15.91 

1.3. Singularity removal. The methods used to prove the above results can also 
be applied to analyze isolated singularities. Similar results were proved in |BKN89[ 
IChe09l ICWlll ICLW081 [SWTOl [Tii90l ITVOSbj . We next recall the definition of a 
C°-orbifold point. 

Definition 1.6. Let g he a metric defined on -Bp(O) \ {0}, where -Bp(O) is a metric 
ball in a fiat cone. We say that the origin is a C"^-orbifold point if there exists a 
coordinate system around the origin such that 



for any multi- index / with |/| > 1 as r — 0. We say that the origin is a smooth 
orbifold point, if after lifting to the universal cover of -Bp(O) \ {0}, the metric extends 
to a smooth metric over the origin, after diffeomorphism. 

Remark 1.7. As in the ALE case, we will not need to assume (I1.12p for partial 
derivatives of arbitrarily high order, only up to a certain finite number of derivatives, 
see Remark 17.21 

Applying the Cheeger-Tian technique directly to the singularity, we obtain the 
following. 

Theorem 1.8. Let Bp{0) be as above and even- dimensional, and let g be (extended) 
obstruction- flat in Bp{0)\{0} with constant scalar curvature. If the origin is a C^- 
orbifold point for g, then the metric extends to a smooth orbifold metric in -Bp(O). 

As in the ALE case, this theorem also applies to much more general higher-order 
systems: 



(1.11) 
(1.12) 



9ij = ^ij + o(l), 
d'g,, = o(r-l'l). 
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Theorem 1.9. Let k = 1 if n = 3, or 1 < k < ^ — 1 if n > 4. Assume that 
{Bp{0) \ {0},g) has constant scalar curvature and satisfies 

k+l 

(1.13) Aji?zc = ^ V^'Rm* ...*V'^'Rm. 

3=2 ai+...+aj=2(fc+l)-2j 

If the origin is a - orbif old point for g , then the metric extends to a smooth orbifold 
metric in Bp{0). 

Theorem 1 1 . 9 1 will be proved in Section [TJ the proof of which uses the same method 
as that of Theorem ll.2[ with a few minor modifications. 

1.4. Acknowledgements. The authors would like to thank Michael Singer and 
Gang Tian for invaluable assistance from the inception of this project. We would also 
like to thank Robin Graham for crucial help with the structure of the obstruction ten- 
sors, Jeff Streets for numerous helpful discussions, and Sigurd Angenent and Mikhail 
Feldman for several helpful comments regarding elliptic theory. We are greatly in- 
debted to Fedja Nazarov for explaining how Turan's Lemma could be used to prove 
Lemma 15.21 Finally, we would like to thank the anonymous referee for numerous 
suggestions which greatly improved the exposition of the paper. 



2. Linearized obstruction tensor 

We begin with some notation: in the following 6 will denote the divergence operator, 
which can act either on a symmetric 2-tensor h, or on a 1-form u. In the former 
case 6h = V^hij and in the latter case Su = V^Wj. The L^-adjoint of 6 will be 
denoted by 6*, which is — (l/2)£, where £ is the Lie derivative operator, defined by 
{Cuj)ij = ViUj + VjOJi. The trace of a symmetric 2-tensor h will be denoted by tr{h). 

We now analyze the linearizations of (11. 7p and (II. 8p . Note that from the dependence 
of the lower order terms in both equations on the curvature tensor it follows that the 
linearized equations {p!~^'>^ [h] = for 1 < k < | — 1 at a flat metric go are equivalent 

to A''~^Bg^{h) = 0. With this observation we have the following, which holds in any 
dimension n > 3: 

Proposition 2.1. At a flat metric go we have 

A''-^ (B' (h)) = A^^^ ( — -A^h - 1- -V'Atr(/i) 

(2 1) V 2(n-2) 2(n-l)(n-2) ^ ^ 

— — -V^66h - -^—A6*6h+ 1- (AhT(h) - A66h) go] . 

Proof. The Bach tensor can be written as Bij = AAij — V^ViAkj + A^^Wikju and at 
a fiat metric {A^^W,kji)'g^ (h) = for any h e (T*M"), so then 

B:^{h) = AA[^{h)-V'V.A'^k{h). 
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By the Bianchi identity and using again that Qq is flat we have 
(2.2) 



^ V,Vj (Atr(/i) - 6{6h)) . 



2{n- 1) 



On the other hand 



^2.3) (^-2) V ^ 2(n-l)^^^V 



^ A (--Ah - -VhT{h) - 6*6h + — ^ — - [Atr(/i) - 



(n - 2) V 2 2 ' ' 2(n - 1 

Adding (Q and together and taking A^^^^ we obtain fl21|) . 



□ 



The hnearized equations are not strictly elliptic due to the diffeomorphism invari- 
ance of the (extended) obstruction-flat equations. Note, however, that if h is diver- 
gence free and if the trace of h is harmonic then from (12. ip the linearized equations 
reduce to 

(2.4) A'^+^h = 0, 

(2.5) Atr(/i) = 0, 

(2.6) 5h = 0, 

and (12.41) is an elliptic equation on h. We point out that we will not be able to 
prescribe that h be divergence-free at first, so we will follow the approach in |CT94] 
and introduce a modified divergence operator in Section IXTl The proof of Theorem 1 1.2 1 
relies on the following crucial proposition. 

Proposition 2.2. Let n> 2, and h G S^(T*R'^) be a solution on W^\Bp{0) for some 
p > of the system 

(2.7) A'^+^/i = 0, 

(2.8) 5h = 0, 

for I < k < ^ — 1 (or for k = 1 when n = 3) satisfying h = 0(|x|^~^) with e > 0. 
Then, h can be written as 

(2.9) /i = /i, + (|x|-"+2/=) ^ 

where he is constant. The result also holds for k = if in addition we assume that 
ti{h) = 0. 

Proof. Consider first the case 1 < A; < | — 2. Since the components of h satisfy the 
scalar equation A^~^^f = 0, using a classical expansion, we may write a solution h of 
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dlZD-O as 

oo 

(2.10) h{x) = K + J2hi{x), 

1=0 

where he is constant and each hi is a homogeneous solution of f l2.7l) - fl2.8p of degree 
2(/c + 1) — n — I. U hi is one of such solutions, we can write 

(2.11) hi{x) = \x\'^'+''>-''-' Yl ^^.^■(^)' 

where Sk,i = {{s,j) : 2(j + l) — s = 2{k + l) — I, s > 0, < j < k}, and the components 
of hsj{x) in (12. lip are spherical harmonics of degree s. Note that if (s, j) G Sk,i, then 
A-'+^(|xp'^'^+^)~"~'/i3.j(x)) = 0. In order to prove the claim for 1 < < | — 2, it 
suffices to show that ho = hi = 0. For Z = 0, we have 

(^o)jj('^) l"^! ^ ^ij^ 

where Cjj is constant. From (12. 8 p we obtain 

n 

^ ^ C-ijXi 0, 
i=l 

for each j and this clearly implies that h^ is identically zero. For hi we have 
where Uij{x) is a homogeneous polynomial of degree 1 that we will write as 

n 

(2.12) Uij{x) = ^Aijixi. 

1=1 

From ( 12. Sp we have for every j 

n n 

= J29i (|xp('=+i)~"ui,(a;/|xn) = - ^(n - 2k)xi\x\^^''-^'>-''Uij{x) 

i=l i=l 

n 

+ |a:|2'=-^^9,M,,(a;), 

i=l 

which becomes 

n n n 

(2.13) (n - 2A;) ^ ^ AijzXiXz = 

j=i 1=1 1=1 

For fixed j and every x G M", with x 7^ 0. If in (I2.13P we let x be the vector with 
coordinates Xj = 5ip for fixed p, one obtains the identity 

1 " 

(2.14) /Ipjp = — - V Aiji for fixed j. 

1=1 
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An obvious consequence of (12.141) is that Apjp is independent of p for fixed j, in 
particular, for every p and j 



n 



(2-15) Apjp - ^ _ 2^^: 



and then Apjp = since k 0. For the components of the form Aijm with / ^ m, 
the coefficient of xix^ in the left-hand side of fl2.13p is (n — 2k) {Aij^ + A^ji) while 
in the right-hand side there are no off-diagonal terms, so we conclude that 

(2.16) Aij^ = -Amji for / ^ m, 

If l,j,m are all different we obtain from the symmetry of Aij^ in l,j and from (12.161) 
the identity 

Aljm -^mjl ^jml ^Imj -^mlj -^jlm -^Ijmj 

therefore, in this case Aijm = 0. For the components of the form Auj and Aju when 
/ 7^ j, it is easy to see that Auj = —Aiji and Aju = Aiji and as we saw above this 
implies that both components are zero, so we conclude that all polynomials Uij are 
identically zero. 

For the case k = ^ — 1 there is only one difference with the argument above: h^lx) is 
logarithmic, i.e., a solution of the form hij{x) = log(|x|)Qj with Cij constant, however 
the condition 6h = implies that ^1^=1 ^ij^j ~ every i and hence Cij = for all 
i,j so this solution in fact does not occur. 

For the case k = 1 and n = 3 we write h as 



(2.17) h{x) = J2hi{x), 



1=0 



where hi{x) is a homogeneous solution of degree — / of A'^h{x) = on R'^yjO}. In this 
case, the solution ho{x) has the form hoi^x) = he + ho^i{x) where the components of 
he are constant and the components of /zo,i are spherical harmonics of degree 1. The 
solutions hi{x) with / > 1 have the form hi{x) = \x\^''{hii_i{x) + hi^i^i{x)) where 
the components of hij±i{x) are spherical harmonics of degree / ± 1. We only have to 
prove that if 6hQ i{x) = on R"\{0} then ho^i{x) = 0. For that purpose write the 

components of /io,i(a;) as (/io,i)jj(x) = Uij where Uij{x) are linear functions given 

by (I2.12p . The condition 5hQ i{x) = for all x 7^ becomes 



3 3 

^ ^ AjjiXjXi |x| ^ ^ Ajjiy 



=1 1=1 



and we can argue as in the case l</c<^ — Ito conclude that Aiji = for all 
hjj = 1,2,3. 

The above proof can be extended to the case of = provided the trace vanishes. 
However, we omit the proof, and instead refer the reader to the proof given in |CT94t 
page 538], which is an alternative argument using Obata's Theorem. □ 



10 antonio g. ache and jeff a. viaclovsky 

3. Nonlinear terms in the obstruction-flat systems 

In this section we derive an expression for the error terms in the hnearization of the 
(extended) obstruction tensors, i.e., the difference 

(3.1) n('\go + h)-n('\go)-{n(%^ih), 

where go is a flat metric in M". Given two tensor fields A, B hj A * B we mean a 
linear combination of contractions of A ^ B using the metric go, and for a positive 
integer j, A~^ * B means contractions of j copies of the inverse of A with B. 

Proposition 3.1. Let g^ be a flat metric on M" and let h G S'^(T*]R") be such that 
go + h is another Riemannian metric on M". For the (extended) obstruction tensors 
Q!^^^ with 1 < k < ^ — 1, we have 

^^'\9o + h) = {h) - (go + h)-' * h * Vf-'^h 

(3.2) 



'90 



j=2 \ai + ...+aj=2{k+l) 

for some integer Ij. > 2{k + 1). For the scalar curvature we have, 
(3.3) 

R{go + h)= R'g^ih) + (go + h)-' * h * V^h + (go + h)-^ * [h * Vj„/i + V g,h * V g,h) 
+ {9o + h)-'^ *{Vg,h*Vg,h*h) . 

Proof. For any tensor T, we have 

(3.4) Vg, + hT = Vg,T + {go + h)-^ * V g,h * T. 

From this it follows that for the (1,3) curvature tensor 

(3.5) Rm{go + h) = {go + h)-^ * Vj„/i + {go + h)-^ * Vg,h * \/g,h. 

It follows that the Ric{go + h) has an expansion similar to (13. 5p . For the scalar 
curvature, on the other hand, we have 

R{go + h) = {go + h)-^ * {Ric{go + h)) 

= {go + h)-^ * ((^0 + h)-^ * Vl^h + {go + hy^ * V g,h * V g,h) . 

Using the identity 

(3.7) (^70 + h)-' - g^' = -g,' *h*{go + h)-\ 

we obtain (we will omit writing g^^ from now on) 

R{9o + h) = {go + h)-^ * V^h + {go + h)-^ * [h * + V g,h * V g,h) 
+ (^0 + hy^ *h* Vg,h * Vg,h, 
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and another application of (13 .yp to the leading term yields 
(3.8) 

R{g^ + h) = V^h + {go + h)-^ * h * V^h +igo + h) ^*{h* V^^h + Vg,h * Vg,h) 
+ {go + h)-^ *h* Vg,h * Vg^h. 

Since the only term in (13 .Sp that contributes to the linearization of R at Qq is V^^j/i, 
equation (13. 3p follows. In order to find a similar expansion for the Bach tensor 
B{go + h) we note that for any metric g, B{g) can be written schematically as 

(3.9) B{g) = AgRiCg + V^Rg + {AgRg) g + Rrrig * Rnig, 

We first consider the term AgRiCg aX g = go + h in (13.90 . Taking a covariant derivative, 
again assuming that go is fiat, we have 



Vg,+hRic{go + h) = {go + h)-^ {Vlh) + {go + h)-^ * V^h * Vg,h 

+ {go + h)-^ * Vggh * Vggh * Vg^h. 



Taking another covariant derivative and one contraction with respect to go + h, we 
obtain 

Ag,+hRtc{go + h) = {go + h)-^* {V^h) 
.3 + (90 + * {Vlh * Vlh + Vlh * Vg,h) 

+ {go + h)-Uvlh*Vg,h*Vg,h 

+ (^70 + h)-'' {Vg,h * Vg,h * Vg,h * Vg,h) . 

Using (13. 7p twice (as we did above for R), we conclude that 

Ag,+hRic{go + h)= Ag,Ricl{h) + {go + h)-' * h * V^h 

^^■^^^ +E E i9o + h)-^*V2h*...*V^^h. 

j=2 ai+...+aj=4: 

From similar computations for the other terms in (13. 9p we conclude that 

B{go + h) = B'Jh) + {go + h)-' * h * Vlh 

^^■^^^ +E E {9o + hr*v2h*...*v2K 

j=2 «i-|-...+«j=4 

For any k > 1, a similar argument shows that 

A,VA^(^o + h) = A];'Bl{h) + (^0 + h)'^ * h * Vf^'^h 

(3 14) / 

+ Y,{9o + hr*\ ^2h*...*V2h 

i=2 \ax + ...+aj=2{k+l) 

where is some integer with > 2(A; + 1). 
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Next, using scaling arguments it is clear that the terms l.o.t. in (ll.7p and (11 .Sp have 
the form 

k+l I 

(3.15) ^ ^ V°i/2m*...* V"^7?m 

j=2 \ai+...+aj=2{k+l)~2j 

see for example the proof of Theorem 2.1 in |GH05j . Equation (13. 2p follows from 
combining (II. 7p or (II. 8p in Subsection 11.21 with (I3.14p . since the terms in (I3.15P admit 
a similar expansion as the nonlinear terms in (I3.14p (and they do not affect the 
linearization) . □ 



Next, defining 
(3.16) c„,fc 



(4~n)(6-n)...(2fc-n) ^ ^ 2 

1 if A; = f - 1, 



from Proposition 13. H we may write 

(3.17) fi«(^?o + h)= Cn,kA'^'B'Jh) + F^'\h,go), 

where F^''\h,gQ) is the remainder in (13.21) . For the scalar curvature we will write 

(3.18) R{go + h) = R'Jh) + F'{h,go), 

where F'{h, go) is the error term in (13. 3p . From now on, we will use V to denote V^^, 
therefore all operators A, 6, tr are taken with respect to gQ. 

3.1. Scalar-fiat condition and the modified equation. In order to address the 
difficulty of not initially being able to prescribe h to be divergence-free, we follow 
[CT94j and introduce a modified divergence operator given by 

(3.19) 6th = 6h-ti^.^^h, 

dr 

and we will show in Section |5]that we can find a gauge where 6th = 0. A difference 
with the approach in |CT94] is that the obstruction-fiat systems are not elliptic even 
if we are able to prescribe Sth = because A^~^Bg^{h) is traceless regardless of the 
gauge condition. Note that ii Sth = we obtain 

1 

2(n~ 2)" 2(n- l)(n-2) 



A''-^B'g^{h) = A''-^ ( -— -A^h - — ^^y- -V^AtT{h) 



(3.20) - o^ ^ ^, V^6i,-i^h - A5*vi^/i 

^ ^ 2[n - 1) 9r (n - 2) 9r 



+ 



i— ^(AM'.)-<A^(v.£/.))9„) 



2{n - 2){n 

At this point we use the scalar-fiat condition on g^ + h. Assuming again that 6th = 0, 
the linearization of the scalar curvature at go becomes 

(3.21) R'g^^ih) = -Atr(/i) + 66h = -Atr(/i) + t6i^-i^h, 



dr 
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SO from the scalar-flat equation we have 

(3.22) Atr(/i) = tdi^-rjth + F\h, go), 

dr 

where F'{h,go) is the remainder in (13.181) . Inserting (13.221) into (I3.20p we obtain 



90 

(3.23) 



t 



(n-2) 

where 8^^\h,gQ) is given by 

(3.24) £^'^ {h, go) = ^, ( - A'-'V'F'{h, go) + A'F'{h, go)go) ■ 

2{n — l){n — 2) \ J 

We now define a linear operator vf^^ by 

,(fc)., s _ Cn.fc Afc-1 ( _ iy72; 



(3.25) rrih) = ^hl^A'-' --A'h - -V^5z,-i a h - tA6\.^ a h 
^ ^ ^ ^ ' n-2 \ 2 2 "^9^ 

Clearly, the operator Vt''^ is strictly elliptic. From (13. 2p and (I3.23p . if 6th = and 
go + h is scalar- flat, the (extended) obstruction- flat system may be written as 

(3.26) = ^/i + n^^\h,go) for 1 < < ^ - 1, 
where 

n^''\Kgo) = Cn,kS^''\Kgo) + F^^\h,go). 

Writing £^''\h,go) schematically as V'^''F'{h, go), we easily see using the proof of 
Proposition 13. II that lZ^^\h,go) has the same form as the remainder in (13. 2p 

n^'\h,go) = {go + h)-Uh*Vf+^^h 
(3 27) I 

j=2 \ai + ...+aj=2{k+l) 

SO that none of the terms in TZ^''^ {h, go) contribute to the linearization. This shows 
that (I3.26P defines a family of elliptic equations on M"\{0}. This same argument 
applies equally to the system (II. 9p . We have proved 

Corollary 3.2. Let 1 < k < ^ — 1. If g = go + h is scalar-flat and Vt^^^-flat with 
6th = 0, then h satisfies 

(3.28) vi'^h + n^'\h,go) = 0, 

where v[^^ is the linear operator given by l{3. 25\) and lZ'^^\h,go) is the error term 
given by (I3.27p . The operator vl'^^ is strictly elliptic. 

Let k = 1 if n = 3, orl<k<'^ — lifn>A. If g = go + h is scalar-flat and 
solves (II. 9p with 6th = 0, then h also satisfies (I3.28P with a remainder term of the 
same form. 
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4. Weighted Holder and Sobolev Spaces 

In this section we introduce weighted spaces that will be useful in the analysis 
needed to construct divergence-free gauges. We start by reviewing some of the no- 
tation in |Cr94] . If we write R'^ as R'^ = C(^"-i), we define maps V'a : ^ 
C{S^~^) for a > given by ipai"^, x) = [ar, x). The weighted Holder norms are defined 
as follows: if u > 0, let Au be the natural scaling on tensors of type {p, q), i.e. 

(4.1) Au = (V'«-i)*®---® (^«-i)*®C® ■ 

p q 
Given a tensor T of type {p, q) we have 

(4.2) \T(u,x)\m,a;0 = 1"^^ |m,a;0! 

where | ■ \m,a;o is the C""'"-norm with respect to the flat metric g at the point (l,a;). 
We can now define Holder norms by 

(4.3) |^|m,a;0 = SUp \T(^u,x)\m,a;Oy 

{u,x) 

and also weighted Holder norms given by 

(4-4) |-^|m,a;i |^ -^|r7i,a;05 

for any I G R. We say that a tensor T of type (p, q) is in T^'^.i if \T\m,a;i < oo. We 
use Ac,d(0) to denote the annulus Ac,rf(0) = {(r, x)|c < r < d}. For a tensor h of type 
{u, v) and 5 G R we define a weighted norm by 



(4.5) ll/ilk'^-^' = ( / |/ir|2;|-^P-"rfx 



where | ■ | is the usual pointwise norm on tensors of type {u,v). For any nonnegative 
integer m, we also define weighted Sobolev norms by 

m 

(4.6) = II V''7l||/,/P>";", 

j=0 

and then y/'^'^'^'^ is the space 

(4.7) p^/w.- ^ j/, . < oo} . 

For further properties of these weighted Sobolev spaces see |Bar86j . 

For notational convenience, if /i is a symmetric (0,2)-tensor we will use |||/i|||a,f) to 
denote the norm ||/i|| .2.0,2, . i.e., the norm of h with weight on the annulus 

Aa^fe(O). Another way to construct the norm 1 1 1 ■ 1 1 1 is as follows: consider the weighted 
inner product on the slices (r, 5"""^) given by 

(4.8) {{h,M)) = / {huh,)dV 
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where (■,■,) is the usual pointwise inner product. It follows that 



(4.9) \\\h\\\l,= fr^'Whrdr, 

J a 

where || ■ || is the norm defined by the inner product ((■, ■)) in (14. 8p . The norms ||| - ||| 
are scale invariant in the sense that if /i is a (0, 2) tensor and if we let q = a~'^ilj*h 
then 

(4.10) |||/i|||a,aL = |||g|||l,L. 

Finally, we say that a {p, g)-tensor T is radially parallel if 

(4.11) V^T = 0. 



dr 



4.1. Divergence and the Lie derivative operator. We now consider the operator 
□ : A^(]R") — )■ A-'^(R"') defined by = SL^g^, where is the Lie derivative operator. 
This operator is formally self-adjoint and elliptic. From now on we use Ah, tr,5 and 
d to denote the Hodge laplacian, trace, divergence and exterior differentiation in the 
cross section metric gs^-^ respectively. Following |CT94l Section 2], if we write ^ in 
polar coordinates as 

(4.12) ^ = fdr + u, 
we have 

(4.13) L^go = 2fdr dr + (u' - 2r'^u + df^ ^ dr + L^ggn-i + 2rfgsn-i, 

here we use primes to denote differentiation respect to r. Also, given a 1-form a we 
denote by a ^ dr the symmetric product a ^ dr + dr ^ a. If now h is a symmetric 
(0, 2)-tensor written in polar coordinates as 

(4.14) h = hoodr(g)dr + aMdr + B, 

where is a symmetric (0, 2) tensor whose radial components are zero, the divergence 
of h is given by 

6h = (^h'QQ + {n- l)r'^hoo + r'^6a - r"^tr(5) j dr 

+ a' + {n- l)r'^a + r'^B. 
Combining (I4.13P and (I4.15p . the operator □ takes the form 
(4.16) 

= [2f + 2{n - ly-^f + r-^ {-Anf - 2{n - 1)/) + r~'^5u' - Ar-^5tu^ dr 

+ io" + {n- 3)r-^io' + (^-Ahuj + dSco^ + df + r-\n + l)df. 

As pointed out in |CT94t Section 2], any 1-form defined on ]R"\{0} can be written as 
an infinite sum of forms of two types 

(1) Type I: p{r)i) where G A\T*S'''~^), 6tp = and Anip = /fV', 

(2) Type II: r-H{r)(f)dr + u{r)rd(j) where G A°(T*^"-i) and Ah0 = z/0. 
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Moreover, the operator □ preserves these two types of forms. If ,^ is a 1-form of type I 
or II, the equation = reduces to solving a second order linear system of ordinary 
differential equations of at most two equations. In order to see what these systems 
look like we consider the change of variable r = e'* and use p{s) to denote p(e*) for 
forms of type I and we use l{s), u{s) to denote /(e**) and ^(e'') respectively for forms 
of type II. With this notation we have for example 

(4.17) p' = e-'dsp, p" = e-^' {dip - dsp) . 
On forms of type I, is given by 

(4.18) = {dip + (n - A)dsP - f^p) ip, 
while on forms of type II, takes the form 

(4.19) — (2a,^;.2(„ -4)9, -4,„- 2^ ...... W 

+ e~'^' {dlu + {n- A)dsU - 2vu + dsl + nl) d(f). 
The solutions of (I4.18P and (14. 19p are given by the following 

(4.20) a = 9 = y^a^ + /i, = a±9. 

All solutions of = of type I are given by 

(4.21) ^ = r^^ip. 

In this case, since rip is radially parallel, we see that the order of growth of ^ is a"*^ — 1. 
For solutions ^ of type II, we set 

2 — 77 

(4.22) '^ = ^' ^= V^^^' b^ = P±u, 
and then ^ is either of the form 

(4.23) r''^d(j) + b^r''^-^(j)dr, 
or of the form 

(4.24) 2r^^+2j0 ^ b'^r^^+^(f)dr. 

See |CT94l Section 2] for more details. The above computations motivate the follow- 
ing definition 

Definition 4.1. The set E of all numbers — 1, b"^ — 1 or 6''= + 1 with a^, 6^ defined 
by fl4.20p . fl4.22p . is called the set of exceptional values for □. If 7 G M\E then 7 is 
said to be nonexceptional. 

Remark 4.2. All elements in E are integers, in fact, computing the eigenvalues of 
A// on 1-forms in S*""^ as in |Fol89t Theorem C], one can prove that all numbers in 
( I4.2ip have the form 

in — A) 1 

(4.25) af = -^^±-(n-2 + 2j) for j = 1, 2, . . . , 
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and all numbers in f l4.22p have the form 



(n-2) ^ 1 
2 

An important property of □ is 



(4.26) bf = -^^^Y^ ±^{n-2 + 2j) for j = 0, 1, 2, 



Proposition 4.3. On W \ {0}, if is nonexceptional then □ : M/'2,p,o,i _^ pyO-pAi 
is an isomorphism with bounded inverse. 

Proof. Compare |Bar86l Theorem 1.7]. □ 

Finally, note that from (I4.25P and f l4.26p it follows that 1 is an exceptional value 
for □, which means that there are elements in the kernel of □ with linear growth, i.e., 
forms ^ with = satisfying ^ = rrj where rj is radially parallel. 

All 1-forms of type I in the kernel of □ which have linear growth have the form 

(4.27) i = r^i), 

where ip is dual to a Killing field in S*""^. For forms of type II, all solutions of = 
that have linear growth correspond to the eigenvalues u = 0,2n of Ah on functions, 
moreover, in that case the solution corresponding to z/ = is 

(4.28) ^ = rdr, 
and the solution corresponding to u = 2n is 

(4.29) ^ = 2r(j)dr + r^dcf). 

Note that the forms in fl4.27p and (14.290 have linear growth because rip and rdip are 
radially parallel. 

4.2. A modified □ operator. Given t 7^ 0, let □( be the modified operator 

(4.30) nt^ = 5tL^gQ = n^-ti^..,^L^gQ. 

dr 

In order to compute for ^ as in (14.121) we start by noting that 

i,-ia_L^go = 2r-^f'dr + r~^ (^u' - 2r-'^uj + df^ . 

The modified operator is then computed to be 

U,i = (2f" + 2(n - 1 - t)r- V + r-' (-A^/ - 2(n - 1)/)) dr 

+ r'^ (^5co' - Ar'^5uj dr + co" + {n - 3 - t)r'^uj' 

+ r"^ (^-AhW + 2tuj + d5u^ + df + r~^(n + 1 - t)df. 

Using again the change of variable r = and the notation in Section I¥!T1 we see that 
□f^ for ^ a 1-form of type I is given by 

(4.31) = {dip + (n - 4 - t)dsP - (/x - 2t)p) t^. 
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On forms of type II, is given by 
(4.32) 



= e-'^' { 2dll + 2(n - 4 - t)d,l - A{n - 2 - + - ud^u + Auu ] (pds 



+ e"^' {d^,u + (n - 4 - t)dsU - 2{v - t)u + dsl + {n - t)l) dep. 
We conclude that in these cases, the system 

(4.33) = 0, 

reduces again to a constant coefficient system of ordinary differential equations. As 
in the discussion at the end of Subsection 14.11 we are interested in solutions of fl4.33p 
which are essentially linear, i.e., solutions ^ that satisfy for every < 7 < 1, 

(4.34) ^ = 0(ri+^) as r -> 00, ^ = 0{r^-^) as r ^ 0. 
For these solutions we have 

Proposition 4.4. There exists to > such that for < < to there is a number 
7o(t) with < 7o(t) < 1 such that if ^ is a 1-form in the kernel ofOt satisfying (14.341) 
for some < 7 < 7o(t) then ^ is dual to a Killing vector field in R" . 

Proof. Since = 6tL^go, it follows that a 1-form which is dual to a Killing field in 
M" is in the kernel of regardless of the gauge condition. Next, since the general 
solution may be written as an infinite sum of 1-forms of Type I and Type II, it 
suffices to prove the proposition for 1-forms of either type. When t = and as 
pointed out in Section 14.11 all solutions of (I4.33P in separated variables which satisfy 
(I4.34P correspond to the eigenvalues /i = 2(n — 2) on forms of type I and u = 0,2n 
on forms of type II. For t ^ small, the growth rates are small perturbations of the 
rates af — 1 and — 1 with a^, bf given by (I4.25P and (14.260 . moreover the rates 
corresponding to eigenvalues fi > 2n or u > 2n have real parts bounded away from 
1 and hence, for these solutions the proposition follows. It only remains to consider 
the kernel corresponding to the eigenvalues /i = 2{n — 2) and z/ = 0, 2n. From |Fol89t 
Theorem C], all eigenvalues /i corresponding to 1-forms of type I are 

(4.35) /i = (j + l)(j + n - 3) for J = 1, 2, . . . , 

and then from (14.311) all solutions of = with ^ a 1-form of type I can be written 

as 

(4.36) e = r'f^'^-^ (riPj) , 
where 



(4.37) cf(t) = -(-^-t)^^in-2 + 2ff^2,U + P^ 

and tpj is a 1-form with eigenvalue {j + l){j+n—3). It follows that if t 7^ is sufficiently 
small, all solutions given by f l4.37p are such that Re (c^(t)) — l) is bounded away from 
1 except for cf{t) — 1 which equals 1 for any t. In this case r'^tpi is dual to a Killing 
field in M*^. For those 1-forms of type II corresponding to the eigenvalues z/ = 0, 2n, 
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the growth rates are strictly bounded away from 1 for t ^ sufficiently small; the 



In order to construct divergence-free gauges, we use the approach in |CT94] which 
consists in using the ALE of order condition to initially prove that we can fix a 
gauge such that the modified divergence-free condition 6th = for t 7^ is satisfied. 
One is then interested in the 5(-free kernel of the modified operator Vt''\ This kernel 
can be classified into three types: 

(1) Growth solutions, i.e., solutions that are 0(r^') on ]R"\{0} for some > 0, 

(2) Decay solutions, i.e., solutions that are 0(r~^ ) on ]R"\{0} for some f3' > 0, 

(3) "Degenerate" solutions, i.e., solutions that are 0{r^) as r — )• 00 and 0{r^'^) 
as r — 7- for some 7 > sufficiently small (depending upon t). 

The main step is to prove that solutions with the behavior described in ([3]) do not 
occur (see Proposition 15. 4p . We can then prove a growth estimate for solutions of the 

linear elliptic equation vf'^'h = (see Lemma [5.3p which we call the Three Annulus 
Lemma. The next step is to use scaling properties of the nonlinear system fl3.28p . and 
elliptic estimates to prove a nonlinear version of the Three Annulus Lemma (Lemma 
15. Sp . so that the behavior of solutions of f l3.28p can be modeled after the behavior of 
solutions of the linearized equation. Consequently, we can use the nonlinear Three 
Annulus Lemma and the ALE of order zero condition to rule out the behavior de- 
scribed in dl]) and for solutions of the nonlinear equation. It follows that the only 
possible behavior at infinity for solutions of the nonlinear equation in the Sf-gauge is 
that of decay solutions in ([2]), which yields a gauge where the metric g is ALE of pos- 
itive order (see Corollary I5.12p . With this improvement, one we can easily construct 
a global divergence-free gauge, see Proposition 15.131 

The Three Annulus Lemma was introduced in |Sim85] and used in |CT94j for the 
Ricci-fiat case. Even though our statement of the Three Annulus Lemma is very 
similar to that of |CT94j . we base our proof on a result called Turan's Lemma that 
we discuss in Appendix \M Our case is comphcated by the fact that higher powers of 
log may enter into the asymptotic expansions since the system is of higher order. 

5.1. The linearized equation in separated variables. We consider solutions on 
M"\{0} of the system 



for 1 < A; < I - 1 if n > 4, or for A; = 1 if = 3, with Vp given by (K25h . With 
notation as in |CT94j . we write the general solution of T't'^^h = as an infinite sum 
of the form 



proof is similar and is omitted. 



□ 



5. Existence of divergence-free gauges 



(5.1) 



^/i = 0, 



00 



(5.2) 



h = (lj(f)jdr <^ dr + kjTj ^ dr + fjBj + pj(j)jr'^g^ , 

j=0 



where 
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(1) The functions lj,kj, fj and pj are radial, and the (0,2) tensors (pjdr dr, 
Tj Kl dr, Bj, and 4>jr'^g are radially parallel. 

(2) The components i A%T*S''-^), tj e A\T*S"-^), Bj e 5^(T*5"-i) are 
eigenfunctions of the rough laplacian. Here Sq{T*S"'~^) is the traceless com- 
ponent of ^^(r*^"-^). 

(3) The set 

{lj(j)jdr ® dr + kjTj ^ dr + fjBj + pj(l)jr'^g}j, 
is orthogonal in the inner product ((■, ■)) in f l4.8p . 
It is clear that vj:''^ preserves the expansion fl5.2p in the sense that 

Vl'''^ {lj(pjdr ®dr + kjTj mdr + fjBj + PjCpjg) 
= Pj^Ujdr ®dr + F^Tj ^dr + Pj^^Bj + FP(j)jr^g, 

where f)'^ = F^^\lj, kjjj,pj) for c = 1,2,3,4. It follows that if ^/i = then for 
each j we must have 

(5.3) Vi''^ {h<Pjdr ®dr + kjTj M dr + fjBj + Pj<i)jr'^g) = 0, 
and 

(5.4) F^'\l,,k,J,,pj) = 0, for c = 1,2, 3, 4. 

The system (15.41) is a linear system of ordinary differential equations which is homo- 
geneous of order 2{k + 1). Using the change of variable r = e^, (15. 4p can be written as 
a constant coefficient linear system of ordinary differential equations, in particular, 
for every j = 0, 1, ... , the system (15. 4p reduces to a first order constant coefficient 
linear system of the form 

(5.5) X = MjX, 

where Mj is a matrix of order 8{k + 1) x 8{k + 1). Let $j is the characteristic 
polynomial of the matrix Aj and suppose that we factor $j as 

mj 

(5.6) $,(^)=n(^-o,a)"-, 

a=l 

with 

rrij 

(5.7) ^n,-, = 8(fc + l). 

a=l 

Note that in general, the roots Cj,a depend on t and k, however, for simplicity we omit 
this dependence in the notation above. Each of the functions Ij, kj, fj, pj may be 
expressed as a linear combination of functions of the form 

(5.8) (log(r)) V^^'" with 6 = 0,..., n^- „ - 1- 
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ic) 



Fix j and let Tj with c = 1,2, 3, 4, be the (0, 2) tensors 

(5.9) t)^^ = 0jrfr ® rfr, ^ = r,- K rfr, Tf ^ = 5^, t]^^ = (f)jr^g 
so that we can write 

4 

(5.10) lj(j)jdr ® dr + kjTj M dr + fjBj + Pj(f)jr'^g = Qj,cT^ 



j ' 

c=l 



where 

(5.11) gj- 1 = Ij, gj- 2 = /cj, = and 5^-4 = Pj- 

It follows that if h satisfies ^/i = on M"\{0} then can be expanded as an infinite 
sum of the form 



(5.12) h = J2J2^^,cT^ 

where 



00 4 

i 

j=0 c=l 



(1) The (0, 2)-tensors Tj^"* are radially parallel. 

(2) The set {Tj'^^}j^c is orthogonal with respect to the norm ((-, ■)). 

(3) The radial functions g^.c are linear combinations of functions of the form fl5.8p . 

Let us write the radial function qj^dj) as 

rrij nj>-l 

(5.13) g,,e(r) = Y. <f,c(log(r))V^-, 

a=l 6=0 

where da,b,c are complex numbers. From (15.131) we introduce the following sets 

(5.14) v4+ = {1 < a < rrij : Re{Cj,a) > 0}, 

(5.15) Aj = {l<a<mj 

(5.16) = {1 < a < mj 
We will use qf^ to denote 



^e(0,a) < 0}, 
Re{Q,a) = 0}. 



(5.17) g£(r) = 5^ 5^ 4,6,c(log(r))V^-, 



and will be used to denote 



(5.18) 4(0= E E <''.'=(iog(0)'^^ 



a£AO 6=0 

With this we have a decomposition of the form 
(5.19) h = h+ + h~ + h^. 
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where 



oo 4 _ _ _ 

(5.20) = E E 'i^i"^ = E E 4^^" 

j=0 c=l j=0 c=l 



Definition 5.1. A solution h of (15. 8p is a degenerate solution of (15.11) if /i = h'^. 

It will also be important for us to consider for any nonnegative integer j the number 

(5.21) P, = mm{\ReiCj,a)\:aeAf}. 

5.2. Estimates for the linearized equation. Consider a solution of (15. ip on an 
annulus, i.e., a solution of the problem 

(5.22) ^/i = on Aa,b{0), 

where < a < 6. Note that since Aa^b{0) and M^yjO} have the same cross section, if h 
is a solution of (I5.22p then we can repeat the analysis in Subsection 15. II to decompose 
h as h = + h~ + h^. For solutions of (I5.22p . however, the infinite sum (I5.12p may 
not be defined outside of ^^^(O). By definition of the norm ||| ■ |||, if we expand a 
solution of h of (I5.22p satisfying |||/i|||a,6 < oo as in (I5.12p we see that 

oo 4 „b 

(5.23) 111^1111. = EE^f / \<lUr)\'r-'dr, 

j=0 c=l 

where 

(5.24) xf = {{T^'\Tj'^)). 

We consider again the numbers Pj in (I5.2ip and we define 

(5.25) /3= inf 

The number /3 is well-defined and positive for t sufficiently small, since the equation 
(15. ip is a perturbation of A^^^h = 0, which has indicial roots contained in Z C C 
(compare f l2J0|) -f l2lT]) ). 

We have the following property for solutions of (I5.22p : 

Lemma 5.2. For t sufficiently small, let < (3' < ^(3. Let h be a solution of (I5.22p 
on an annulus of the form A^^L^ai^) where a > and L > 1, and consider the 
decomposition 

(5.26) h = + h- + ho on Aa,L^a{0). 
Then there exists Lq = Lq{(3,(3') > 1 such that if L > Lq, then 

(5.27) \\\h'-\\\La,L^a>L^'\\\h^\\\a,La, 

and 

(5.28) \\\h-\\\La,L-a<L-^'\\\h- 



\a, La- 



Proof. By the scale invariance of the norms 1 1 1 . 1 1 1 , it suffices to prove the lemma for 
a = 1. The proof is completed in Appendix |A] using Turan's Lemma. □ 
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We note that we are only able to prove fl5.27p and fl5.28p for < (3' < ^(3 and not 
for < < /3 as in |CT94] . However, the estimates f l5.27p and fl5.28p are sufficient 
for our purpose. Next, we use this to prove 

Lemma 5.3 (Three Annulus Lemma). Let a > 0, L > 1 and suppose that h is a 
solution of (15. ip in ALa,L3a(0) fort sufficiently small. Suppose in addition that in the 
decomposition (I5.26p . Hq = 0. For any < < there exists Lq = Lq (/3, /?') with 
Lq > 1 such that for L > Lq, if 

(5.29) |||/^||U,aL^>^^'|||/^||kaL, 

then 

(5.30) \\\h\\\aL^aL^>L^'\\\h\\\aL,aL^, 

and if 

(5.31) |||/^|||aLVL3 <^"^'|||/^|||aL,aL^, 

then 

(5.32) \\\h\\\aL,aL^<L-^'\\\h\\\a,La- 

Moreover, at least one of (15.301) . (15.321) holds (whether or not at least one of (I5.29p . 
(ES2D holds). 

Proof. By scaling properties of the norms ||| ■ |||, it suffices to prove the lemma for 
the case a = 1. Suppose that (I5.29P holds. From the decomposition h = h'^ + h~ and 
the Cauchy-Schwarz inequality we clearly have 

(5.33) ll|/^llli,L^<2(|||/^+|||i,i. + |||/^-|||i,z.O' 
and then 

(5.34) 

2 mmi,. + \\\h-\\\i,.) > L'^' + \\\h-\\\i, + 2{{{h\h-)))^,,) . 

Here (((■, ■))) is the inner product associated to the norm ||| ■ |||. From Lemma [5.2[ 
for L large enough (depending on /3 and f3') we can estimate {{{h'^, /i~)))i,L in (I5.34p 
as 

(5.35) {{{h^,h-)))^,L > -| 1 | |i,l| 1 | |i,l > 

and then for a fixed < e < |, there exists a positive constant c(e) such that (15.341) 
and ( 15.35P imply 

111/^1111. -2c(6)L-^^1||/.+ |||i,,.-2e|||/^-^ 

(5.36) <2(|||/i+|||i,^. + |||/i-|||i,^0' 
and hence 

(5.37) 2{l + c{e)){\\\h^\\\l^, + \\\h-\\\l^,)>il-2 



2 I IIIL + III2 
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We have shown that for fixed < e < | there exists a positive constant g(e) such that 

(5.38) {\\\h^\\\l,. + \\\h-\\\l,.) > q{e)L'^' {\\\h^\\\l, + \\\h-\\\l,) . 
Combining Lemma 15.21 with fl5.38p we obtain 

(5.39) {\\\h^\\\l,. + \\\h-\\\l,,) > q{e)L'^'\\\h-\\\l, > q{e)L'^' \\\h-\\\l,,, 
and therefore 

(5.40) II|/^1II1l^> (g(e)^'^'-l)ll|/^1lllL- 

On the other hand, for fixed < e < | we choose c(e) as before so that 

(5.41) \\\h\\\l.,,s > (1 - 2e)|||/.+ |||i.,^3 - 2c(6)|||/.-|||i.,^3, 

and by virtue of Lemma 15.21 for any /3" with /3' < (5" < there exists Lq = 
Lo(/3, /3") > such that if L > Lq then 

(5.42) \\\h\\\l.^,. > (l-2e)L^/^"|||/^+|||i,^.-2c(e)L-^^"|||/^-||U,^.. 
If L is large enough so that < | we have from (15.401) 

(5.43) >lL^'"\m\\U.+ {q{e)L^''-l 
Finally, from fl5^ and (15143]) it follows that 

(5.44) I \\h\ I > vie, L, (3', P")L'^' \ \\h^\\\l,. + ^(e, L, /?', P")L'^' \ \\h 
where 

(5.45) t;(e,L,/3',/3") = ^(l-2e)L2(^"-'^'), 
and 

(5.46) w{e, L, (3', (3") = (1 - 2e){q{e)L^^' - L-^^') - 2c{e)L-''^^'+P"\ 

It is clear that we can choose L large enough so that f (e, L, /?', /3"), w(e, L, (3") > 2 
and then 

(5.47) > 2L'^' + \\\h~\\\l,.) > L'^'WMll,,, 

as needed. The proof for the case (I5.3ip is analogous. For the rest of the proposi- 
tion, note that by the Cauchy-Schwarz inequality we must have either 1 1 l/i"*"! | |l > 
l\\\h\\\L,L^ or \\\h-\\\L,L^ > ||||/i||U,L2. If \\\h+\\\L,L^ > l\\\h\\\L,Lh then for fixed 
< e < 1 there exists Co(e) > 1 such that 

(5.48) (1 - co(e))|||/.+ |||i + (1 - e)\\\h-\\\l,, < '"'^iii^ 



|2 



2 



and since 1^2.2 — 4| | 1 1^ ^.2 conclude that for some positive constant Ci(e) 
we have 

(5.49) ll|/^1lllL2>Ci(e)|||/i-|||i,.. 
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On the other hand, if we fix < e < 1 there exists a constant C2(e) > such that 

(5.50) ll|/^llli.,L3>(l-6)|||/.+ |||i.,,3-C2(e)|||/.-|||i.,,3, 

and from Lemma [5.21 for any < /3" < i/3 there exists Lq = Lq{I3,I3") such that if 
L > Lq then 

(5.51) \\\h\\\l.,,s>{l-e)L'^''\\\h^\\\l,.- 
and from fl5.49p we have 

(5.52) ll|/^llli.,L3>C^(e,4/3',/3")^'^'ll|/^1lliL^, 
where 

(5.53) C{e, L, /3") = (1 - e)L'^^"-^'^ - ^L-'iP'+n, 
If we choose L large enough so that C(e, L, 13', (3") > 4 we obtain 

(5.54) II|/^IIIW3>4l2^'|||/^1IIU^>^'^'|||/^III1l^, 

as needed. In a similar way we can show that if |||/i^|||^^2 > |III^IIIll2' then we 
have the inequality IH^IH^^.^ — -^"^^'lll^llli l; which completes the proof. □ 

5.3. Degenerate solutions of the linearized equations. We now turn our at- 
tention to degenerate solutions of (15.11) . If t = 0, then constants are non-trivial 
degenerate solutions, which are also divergence-free. However, these are not 5t-bee 
for t 7^ 0. The main result of this section is that there are in fact no degenerate 
solutions of (15. ip for all t nonzero and sufficiently small: 

Proposition 5.4. There exists to > such that ifO < \t\ < to there are no degenerate 
solutions of (15. ip subject to 6th = on any annulus Ac,d(0). In particular, for t ^ 
sufficiently small, Lemma [573] holds. 

Proof. We only need to consider the case that /i is a finite sum in (I5.12p . In this case, 
h extends to a solution of T't'^^h = on M"\{0} subject to 6th = 0. Let p > 0, let 
to, t, 7o(t) be as in Proposition l4.4l and let iphe a. C°° function such that v^|_Bp(o) = and 
V^k"\B2p(o) = 1. Choose p > n and a number < 7 < 7o(t) < 1, then (p6h G ly'^f'^'-'^ 
and (1 - <^)6h e W^'l { . Since 7 is nonexceptional it follows from Proposition 14.31 
that there exists Xi G W'^^'^f''^ such that nXi = (p6h and X2 G W''^_l^'^i such that 
0X2 = (1 — ip)6h, therefore 

(5.55) □ (Xi + X2) = (5/1, 

moreover, there exists ho such that 6ho = 0, (fho G W'l^'^'^''^, (1 — (p)ho G W'h^'^''^, 
and 



(5.56) 



h = L^x^+x,)go + ho on M"\{0}. 
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Note that from the weighted Sobolev inequahty (see jBar86[ Theorem 1.2]), we must 
have 

(5.57) = Oij-^"^) as r — )■ 0, and = O(r^) as r — oo. 

(k) 

Let X = Xi + X2, from h = and 6th = 0, h satisfies 

(5.58) A'^-i (^^'^ + ^ V'M/i + A6*6h^ = 

on ]R"\{0}. From diffeomorphism invariance, any Lie derivative LxQo is in the kernel 
of the hnearized operator, and similarly, R'g^{Lxgo) = 0. It follows that Lxgo satisfies 
fl5.58p and so does ho on M"\{0}. From 6ho = 0, h^ satisfies 

(5.59) A^^'ho = 0, 

so we can expand ho in terms of homogeneous solutions of (15.591) on ]R"\{0} and 
by fl5.57p and the proof of Proposition 12.21 we conclude that ho = log(r) ■ C + C 
where C, C are matrices whose components are constant, but since Sho = it follows 
from Proposition 12.21 that C = and ho is constant in M", in particular ho is a Lie 
derivative. We can now write h = LyQo where y is a solution of O^Y = dtLygo = 
and clearly Y is essentially linear in the sense of fl4.34p for some 7 with < 7 < 7o(t). 
But from Proposition 14.41 we know that for t 7^ sufficiently small, if any such 
solution Y is non-zero then it must be dual to a Killing field which shows that h = 
as needed. In the case = 3, all solutions A^/iq = satisfying (15.570 are of the form 
ho = C + hi where the components of C are constant and the components of hi are 
spherical harmonics of order 1, however, if 6 ho = then /ii = as seen in the proof 
of Proposition 12.21 □ 

Remark 5.5. The argument in |StrlOl Corollary 3.7] is incomplete since only radi- 
ally parallel solutions are ruled out there. One must moreover rule out degenerate 
solutions (those with oscillatory behavior and possibly times a power of log) which 
are not radially parallel. 

5.4. Scaling and the nonlinear equation. In this subsection we prove the nonlin- 
ear version of the Three Annulus Lemma. We assume that {M^, g) is ALE of order 0, 
as in Definition II. 1[ In the following we use the ALE coordinate system to transfer 
the problem to (]R"\-Bp(0)) /P. We have the following elliptic Schauder estimate for 
solutions of (13:251) : 

Lemma 5.6. Let < a < d and let h G 7^'a.o(^a,(i) be a solution of (13.281) . There 
exists X > such that if \\h\\j-o,2 ^^^^^ < x, then for every b, c with a < b < c < d 
one has 



\a,d} 



(5.60) ||/.||^o.^^^(^^^^(„,<C|||/. 
with C = C(Ai, A2, n,m,a,b — a,d — c, t), where < Ai < A2 are ellipticity constants 

of (1S2HD. 
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Proof. T he resu lt follows from standard interior elliptic regularity estimates, see for 
example Eid69l Chapter II]. Note the leading order term is a power of the Laplacian, 
but lower order coefficients are negative powers of r. However, the Schauder estimate 
depends only on an appropriate weighted norm of the coefficients, which in this case 
is bounded, as one can easily verify. □ 

The following scaling lemma will be used to reduce the nonlinear problem to the 
linear case. 

Lemma 5.7. Let {hi} be a sequence of solutions of (13.281) satisfying 
(5-61) \\hi\\j^,2 ,^ (0)) < Xi, 

where [xi] is a sequence of positive numbers such that Xi ~^ 0. Suppose in addition 
that for some positive constant C we have 

(5.62) |||^i|||a,La + lll^illU^a.LSa < C| 1 1 /ij 1 1 1 2,a,L2a- 

Let Qi = ^2a^i, then on any annulus A^^diS^) with a < c < d < L^a, there 

exists a subsequence qi. that converges in 7^ a' o(^c,d(0)) with a' < a to q satisfying 

m- 

Proof. The sequence {qi} satisfies 

(5.63) |||gi|||a,La + |||gi|||La2,L3a < C, 

in particular, if c, d as in the statement, we have from Lemma [5.61 the inequality 

(5.64) ll^^llr^a,o(^c..(o)) < C", 

for some positive constant C . By the Arzela-Ascoli theorem there exists a subse- 
quence {qij} that converges in 7^ a'-o(^c,d(0)) with a' < a to q. It only remains to 
prove that q solves (15.11) . For that purpose we write (I3.28P as 

(5.65) Vf'\ciqi) + 7^('=)(Q?^,^7o) = 0, 

where q = 1 1 | |La,L2a. Note that q — )■ as i — )■ cxd. From the estimate (I5.64p and 
equation (13.271) it follows that 

(5.66) 7^(')(c.g^,^7o) = 0{ci) as c, ^ 0, 

where the bound in the right-hand side of (I5.66P is with respect to the norm in 
'7^f2(fc+i),a';o(^c,d(0)), SO 05.651) takes the form 

(5.67) ^g,) = 0(c2) asQ^O. 

Passing to the subsequence {%} we conclude that the limit q satisfies P^f^^g = 0. □ 

Using Lemma 15.31 and Proposition 15.41 we have the following nonlinear version of 
the Three Annulus Lemma: 
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Lemma 5.8. Let p,t > and let h be a solution of fl3.28p on Ap,^{0) with 6th = 0. 
Let /3' > and Lq > 1 be as in Lemma [3731 and let L,a > be such that L^a > p and 
L > Lq . There exist x = A, A) > so that if \h\jJ3,2 ^(^^^(g)) < Xj then if 

(5.68) \\\h\\\La,L^a>L^'\ 



a, Lai 



then 

(5.69) |||/^||U2a,L3a>^^'|||/i||| 

and if 

(5.70) WMlL^aM'a < L-^' 



then 

(5.71) \\\h\\\La,L-a < L-^' 



a,La- 



Moreover, there exists to > such that ifO< \t\ < to then at least one of (15. 69p . (15.711) 
must hold. 

Proof. If any of the implications in the statement of the lemma fails we can use the 
rescaling construction in Lemma 15.71 to produce a solution of the linearized equation 
that contradicts Lemma [5. 3[ □ 

5.5. Global divergence-free gauges. From (11.11) and (II. 2p it follows that "^^.g — go 
satisfies the estimate 

(5.72) I {"^^g - fi'o)(^_^) \m,a;o = o{l) as r -4 cx). 

for all m > 0. 

Remark 5.9. We do not need to assume decay on derivatives of arbitrary order in 
(II. 2p . Our proof only requires that the estimate (II. 2p be satisfied only for all multi- 
indices / such that 1 < |/| < 2{k + 1) + 1. Then (I5T2D holds for all m<2{k + 1). 

With the decay in (I5.72p we can prove the existence of 5rfree gauges on certain annuli 
by means of the implicit function theorem. The following result is contained in |CT94| 
Theorem 3.1] and does not depend on the metric g being fi^'^^-flat: 

Proposition 5.10. Let to be as in Proposition \A.A\ and let t be such that < |t| < to- 
There exists x = xityTn) such that if (C(A^"~^), (^q) is a Ricci-flat cone and g is a 
metric on Ac,oo(0) C C{N^~^) such that 

(5-73) ||^-(?o|l7;^.2^^^(A,,^(o)) <X, 

then there exists a diffeomorphism = (f){g), (f) '■ ^c,oo(0) — )■ Ac,oo(0) such that 

(5.74) cp*g e r^io(^c,oo(0)), 
and 

(5.75) 6t{(j)*g-go) = 0. 
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Moreover, if 

(5-76) ll^*(^)lk'^,.._.(^..(p))<^' 
then 

where 6{e) \ as e — )■ 0. 

In our application of this Lemma, we will simply let g = ^E'*^', and Qq the flat metric 
on the Euclidean cone (recall Definition II .ip . We will then write h = (j)*g — qq. From 
Proposition 15.101 and using that g is ALE of order we have 

Lemma 5.11. Let h and Ac,oo(0) be as above, and let Lq > be as in Lemma \5. 31 
For any L > Lq and any a > c we have limj^.oo 1 1 1^| | |Lia,L*+ia = 0, moreover, we have 
the inequality 

(5.78) \\\h\\\L.a,L^+la < L-^'^'-''^\\\h\\\L^Oa,LH,+^a M all I > Iq. 

Proof. By Lemma 15.81 for any i > iq we have either 

(5.79) \\\h\\\L^+i^L^+2>L^'\ 
or 

(5.80) \\\h\\\L^^L^^.<L-P'\\\U\\\L^-^^L^, 

Suppose that we have fl5.79p . then we conclude again from Lemma [5.81 that we must 
have for any integer s > 1 the inequality 

(5.81) >L/^'^|||/i||U,^.+i. 

Since g is ALE of order 0, we can use fl5.76p in Proposition 15.101 to conclude that for 
e > sufficiently small and s > 1 large we must have 

(5.82) 11^*5' — 5'o II -7-0.2 (n\\ < 

(5.83) 110*^*0 - ^*o||t-o,2 -> < -, 
and therefore 

In particular, we must have 

(5.85) \\\h\ W^i+s^Li+s+i < Cn log(L), 

where c„ is a dimensional constant. It is clear that f l5.8ip contradicts fl5.85p for s 
large. It follows that fl5.80p holds and then, by Lemma [5.81 we must have (15.780 . □ 

From Lemma [5.111 we have the following improvement in the ALE order of g: 

Corollary 5.12. If g is ALE of order 0, scalar flat and (extended) obstruction-flat or 
satisfies (11.90 . then there exists an annulus of the form Ac',oo(0) and a diffeomorphism 
(j) : v4c',oo(0) ^c',oo(0) such that \(p*^*g—go\m,a;0 = 0(r~'^') as r — 7- oo and therefore, 
g is ALE of order /?'. 
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Proof. From Lemma 15. 6[ Proposition I5.10[ and Lemma I5.1H there exists a constant 
C > such that for any {r,x) G v4c/,oo(0) with r sufficiently large we have 

1(0*^*5' - 9o){r,x)\m,a;0 < Cr''^', 

SO the claim follows. □ 

From |CT94t Sections 2 and 3] we have 
Proposition 5.13. Suppose g is a metric defined on M"\i?p(0) and satisfies 
(5.86) 9 — Qo = 0{r^'^) as r — )• oo, 

then there exists a diffeomorphism cf) : ]R"\i?p(0) — ?■ M"'\-Bp(0) such that h = (f)*g — qq 
satisfies h G 7;^J._^(M"\Sp(0)) and 6g,h = 0. 

We summarize the results of this section in the following corollary 

Corollary 5.14. If g is ALE of order 0, scalar flat and (extended) obstruction-flat 
or satisfies (11. 9p . then there exists a diffeomorphism $ : M\K — )■ (R"\i?p(0))/r for 
some p > and a compact set K C M such that h = ^^,g — go satisfies h G 7^'^._^/ 
and 5„M = 0. 



6. Optimal ALE order 
In this Section, we complete the proof of Theorems 11.21 and 11.41 

6.1. Weighted Sobolev spaces and A^+^. In this section we state some properties 
of the weighted Sobolev spaces introduced in Section [531 that will be useful to improve 
the decay estimate for the metric g derived in Section 15.51 Throughout this section 
we will work only with (0, 2) tensors so when we write W'^'^ we actually mean the 
space W'^'^' ' . We start by defining the set of exceptional values for A^+^. 

Definition 6.1. A number 5 G M is said to be exceptional for A^+^ if 6 is in the set 

/ {jeZ:jy^-l,-2,...,2{k + l)-{n-l)} if n > 2{k + 1) 
^-\Z ifn = 2{k + l). 

We say that 6 is nonexceptional if 5 G M\i?. 

Remark 6.2. The exceptional values for A'^^^ correspond to the growth rates of 
solutions of A^^^h = on the complement of a ball, however, when n = 2{k + 1), as 
observed in the proof of Proposition 12. 2[ there are solutions of A^~^^h = on R"\{0} 
that are 0(log(r)) as r — )■ oo. 

Lemma 6.3. // 6 is nonexceptional, the map A''^-^ : i^/'^^^^^^'^' W'^g'^2(k+i) ^■^ 
isomorphism. 



Proof. See |Bar86l Theorem 1.7]. 



□ 
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Lemma 6.4. Suppose that h is defined on W^\Bp{0) and satisfies h = 0{r^) as 
r — 7- oo and assume that /S.^^^h = 0(r^'~^('^+^^) as r —t- oo with 5' < 5. Then, for any 

r > such that 6' + t is nonexceptional there exists h' G W''\?^'^'^''^ and a hall Bpi{0) 
such that 

(6.2) A''+\h -h') = on M"\fi^,(0), 

Furthermore, if 2{k + 1) < n, there exists an exceptional value j < max {5, 5' + r} 
such that 

(6.3) h — h' = Pj + 0{r^~^) as r ^ oo, 

where pj is homogeneous of degree j and satisfies A*^^+^)(pj) = on ]R"\{0}. // 
n = 2{k + 1), we may also have 

(6.4) h-h' = A- log(r) + 0(1) as r ^ oo, 
where the components of A are constant. 

Proof. Let (p he a function in C'°°(]R") such that (f = on Bp{0) and y9 = 1 on 
M"\52p(0), then A'^+i (ifh) G Vr'°'^2(yfc+i)+r every r > 0. If we choose r in such a 
way that 5' + r is nonexceptional, by Lemma [6.31 there exists h' G VT'^!'^^^'' such that 

(6.5) A^'^+i) {hip - h') = 0, 

and on R"\i?2p(0) we have (16. 2p . The expansion (16.31) follows from the expansion at 
infinity of solutions of A^^^h = on ]R"\i?i(0) (compare with the proof of Proposi- 
tion [511]). □ 

6.2. Optimal decay. Suppose that (M", g) is ALE of order 0, scalar-flat, and either 
fi^'^^-fiat or satisfies (II. 9p . Corollary 15.141 showed that g is ALE of order /3' for some 
/?' > 0. In the next proposition we obtain the optimal value for as stated in 
Theorems 11.21 and 11.41 

Proposition 6.5. Let h he as in Corollary 15.141 If g is Vt^^^-flat or satisfies (11.91) . 
then h G 7^'a.2fc_„ (^'^^ g is ALE of order n — 2k. 

Proof. Let us treat first the case {k + 1) = |. Since 6h = 0, h satisfies (I3.28p with 
t = 0, i.e. 

(6.6) 4^^i^At/^ = 7^(t-l)(/^,(^o), 

where TZ^^~^\h, go) is given by equation (I3.27p . Since h = 0{r~^') as r — > oo, the least 
decaying terms in fl3.27p are those terms containing V^^/i * V"^/?. with ai + 0^2 = n, so 
from (16. 6p we obtain A2 /i = 0{r~'^^ ~^), and by Lemma (16. 4p . for any r > such that 
—2(3' + T is nonexceptional there exists hi G W'"^2i3'+t ^^'^^ that A2[h — hi) = on 
the complement of some ball. From the weighted Sobolev inequality, if we take p > n 
then hi = 0{r^'^^ +'^) as r — > 00 and clearly we can assume that —2/3' + t < —(3', so 
that both h, hi have pointwise decay at infinity but hi has a better decay at infinity 
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than h. By Lemma [6.41 and since —1 is the least negative exceptional value for Aa, 
the difference h — hi has an expansion at infinity of the form 

(6.7) = Fi + 0(r-2), 

where Fi is a homogeneous solution of degree — 1 of A2 /i = on M"\{0}. From the 
proof of Proposition \2.2\ any such Fi has the form 



(6.8) {Fi)ij{x) = u. 



X 



\x\ 



where linear functions. We now claim that on the complement of some ball, 

h satisfies 

(6.9) h = Fi + 0{r-^-'), 

for some e > 0. If —2/3' < — 1 we can choose r > sufficiently small so that h 
satisfies (16.91) . If not, we have h = ©(r"^^"*""^) with —2/3' + r < — /3' and again 
from dnH) it follows that A?/i = 0(r-^^'+2^) and we can argue as above to obtain 
h = 0(r-'^'°^i'^^'-2^'>) for some r' > such that -4/3' + r' < -2/3' + r. It is clear 
that we can use induction to obtain (16. 9p . Note that if 6Fi is not identically zero 
then 5Fi = 0(r~^) as r — )■ oo but we do not have 6Fi = 0{r~'^~'^) as r — )■ cxd for any 
e > 0, however, by (16. 9p one has 

(6.10) 5h = SFi + 0{r~^-') as r ^ cx), 

therefore, from 6h = it follows that 6Fi = 0, and by Proposition 12. 2^ Fi = which 
shows that h = 0{r~^) with 7 > 1. By (16. 6 p one obtains A^h = 0(r^^'^~") and 
repeating the argument used to obtain (16. 9p we can show that on the complement of 
some ball, h has an expansion of the form 

(6.11) h = F2 + 0{r-^'') asr^oo, 

where F2 is homogeneous of degree —2 and satisfies A^F2 = on M"\{0} and e is 
some positive number. This proves that h = 0(r~^) as r — )■ 00 as needed. For the 
case 2{k + 1) < n, the only difference with the previous proof is that we have to 
consider homogeneous solutions of A'^^^h = on ]R"'\{0} that decay like 7-2(^+1)-" 
and like r^'^+^~", but as shown in the proof of Proposition 12. 2[ these solutions are not 
divergence- free unless they are identically zero. □ 

7. Singularity removal theorems 

In this section we present the proofs of Theorems 11.81 and 11.91 

Lemma 7.1. Let g = go + h be a metric defined on Bp{0)\{0} with constant scalar 
curvature, and assume that g is either Q^''^ -flat or satisfies ( ll.lSp . Suppose in addition 
that 5th = on Bp{0)\{0}. Then, on Bp{0)\{0}, h satisfies the equation 

(7.1) vi'^h + n^'\h,go) = 0, 

where vj;''^ and Tl^^\h, go) have the same expressions as in (I3.25P and (I3.27P respec- 
tively. The operator vj:''^ is elliptic. 
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Proof. Suppose that R{go + h) = c where c is a constant. If we also have 6th = on 
i?p(0)\{0}, then from R{go + h) — R{go) = c we conclude that h satisfies the equation 

(7.2) Atr(/i) = -c + t6i^..i^h + F'{h, go), 

dr 

on Bp{0)\{0}. We now write the equation Q^''\go + h) - Q^''\go) = as 

(7.3) = (^](^•));„(/^) + F«(/^,^o), 

with F^^\h,gQ) as in Using dm]), we see that if we insert ([72]) into ([73]) then 

h satisfies (17. ip on 5p(0)\{0}. The rest of the claim follows easily, and the same 
argument works for (11.131) . □ 

Recalling the C°-orbifold condition as defined in Definition II. 6[ we now assume 
that there exists a coordinate system around the origin such that 

(7.4) gij=5ij+o{l), 

(7.5) d'g,,=o{r-\'\), 

for any multi- index / with |/| > 1 as r — )■ 0. 

Remark 7.2. As in the ALE case (compare Remark l5.9p . we do not need an assump- 
tion on derivatives of arbitrary order. If / in (17. 5p only satisfies |Z| < 2{k + 1) + 1, then 
we have | {g — 5'o)(r-x) lm,a;0 = 0(1) as r — )■ for any m < 2{k + 1), which is sufficient 
for our proof. 

Next, we state the existence of a divergence-free gauge. 

Lemma 7.3. Suppose that g defined on Bp{0) has constant scalar curvature and 
is (extended) obstruction- flat or satisfies (I1.13p . Suppose also that the origin is a 
C^-orbifold point for g. Then for some p' < p there exists a diffeomorphism : 
i?p' (0)\{0} i?p' (0)\{0} such that 6gf^(t)^g = on Bp>{0)\{0}. Moreover, there exists 
cr > such that \(l)*g — go\ = 0{r'^) as r — )■ andd^cjy^g = 0(r'^~l'l) for any multi-index 
I with \l\ > 1. 

Proof. This follows from a straightforward modification of the proof of Corollary 15. 141 

□ 

We will also need the following 

Lemma 7.4. If the components of h E S'^{T*MJ^) are linear functions then h = Lxgo 
for some quadratic vector field. 

Proof. Let Sf be the subspace of S^(T*'W) consisting of all elements whose compo- 
nents are linear functions. If h E Sf, we can write the components of h as 



(7.6) h,,{x) = J2A 



1=1 
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where Aij^ is symmetric in i,j and therefore dim(5'^) = " ^"^'^^ ■ On the other hand, 
if we let r2 be the space of all vector fields whose components are functions which 
are homogeneous of degree 2, then any X gT^ can be written as X = where 

(7.7) Xi(0 = ^aum^i^m, 



Lm 



with aum symmetric in /, m, and therefore dim (Fg) = " = dim(S'f ). Since there 
are no quadratic Killing vector fields, the map C : ^ Sf defined by C{X) = LxQo 
is an isomorphism. □ 

Lemma 7.5. Let X a vector field that is homogeneous of degree 2 and let Kx he 

the diff'eomorphism generated by taking the flow of X to time 1 ( which exists for r 
sufficiently small). If go is the Euclidean metric we have 

(7.8) K*^go - Lxgo - 9o = ^(r^) as r 0. 
Proof. Let (pt be the flow of X, then we have for any t > 

(7.9) 4>;go = go + tLxgo + E{t), 
where E{t) is an error term that can be estimated as 

—4 

here | ■ | is the usual pointwise norm on S^{T*W). In particular 

(7.11) K*j,go = go + Lx9o + E{l). 
Since X is homogeneous of degree 2, we have for any p G 

(7.12) ll*^*^^)!' = ^{^tMp),Mp)) < c\Mp)f, 

for some constant C > that only depends on X. Letting r denote the distance of 
p to the origin, it follows from f l7.12p that for < r < ^ and < t < 1 we have the 
inequality 

(T.13) \Mp)\ < 

and then |0t(p)| = 0(r) as r — > 0. A similar argument shows that for all first order 
partial derivatives one has 

(7.14) \di(f)t\ = 0(1) as r ^ 0. 
Since go is the Euclidean metric, we have 

and using the chain rule we can write schematically 

(7.15) —(P;go = (9'X)(0i) * X(0i) * d(Pt * d(Pt + (<9X)(0O * (9X)(0O * 50* * 90*, 



t^ 



(7.10) \E{t)\ < - sup 



2 se[o,t] 
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and by fl7.14p .f l7?T5|) we conclude that for r sufficiently small 



(7.16) 



< C'r 



for C depending only on X. By ( I7.10p . fl7.1ip and (I7.16P the result follows. □ 

Lemma 7.6. Let g a metric defined on -Bp(O) with a C^-orbifold point at the origin. 
Suppose that g has constant scalar curvature and is (extended) obstruction- flat or 
satisfies f ll.lSp on Bp{0)\{0}. Then there exists a change of coordinates (p, defined in 
some small neighborhood around the origin, such that (p^g satisfies 

(7.17) g = go + Oi\x\'), 

(7.18) d'g = 0{\x\'-\'), 
for any multi-index I with |/| >1 as |x|—>0. 

Proof. Let be the gauge given by Lemma 17.31 and if we take h = (p^g — g^ we obtain 

(7.19) ^^^A'=+l/^ = 7^W(/^,^o). 

Since h = 0{r'^) as r — we have /S.'^^^h = 0(r^°""^'^'^+-'^)) as r — )■ and as in the 
proof of Proposition 16.51 for p > n and for r > such that 2o" — r is nonexceptional 
and positive, there exists h' e W'^f^r such that A^+'^ {h - h') = on 5p(0)\{0}. 
Since both h, h' are o(l) as r — )■ we conclude that 

(7.20) h-h' = Gi + 0(r2) as r -> 0, 

and the components of Gi are linear functions. As in Proposition 16.51 we can use 
induction to show that h satisfies 

(7.21) h = Gi + 0{r^+') as r ^ 0, 

for some e > 0. The strategy for proving (17.171) . (I7.18P is slightly different to that 
used to prove Proposition 16. 5[ but is still based on an argument used in |CT94] . From 
6h = on Bpi{0)\{0}, it follows that 6Gi = and by Lemma [7^ Gi = Lxgo for 
some vector field X such that X{p) is homogeneous of degree 2 in p. Assume that p' 
is sufficiently small so that Kx, the diffeomorphism obtained by taking the flow of X 
to time 1, is defined. By Lemma [7.51 

(7.22) -90- Lxgo = ^(r^) as r ^ 0, 
and from 

(7.23) i<p.g - K*xgo) + {K*x9o -go- Lxgo) = 0{r^'^^'^'^^^) as r ^ 0, 
we conclude that 

(7.24) K*_x<P*9 -90 = 0(r"^'"^i+^'2>) as r ^ 0. 

As in Corollary 15. 14[ we can find a diffeomorphism 0' defined on a smaller ball such 
that 

(7.25) h' = (t)'^K*_x(t)*g - go, 
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is divergence-free and h' = (^(r™'"''^^^'^'^^') as r — 0. With this new h' we argue again 
as in the proof of Proposition 16.51 to obtain fl7.17p and fl7.18p as needed. □ 

Lemma 7.7. In the coordinate system constructed in Lemma \7M we have 

(7.26) V'i?m = d^Rm + 0{r^~^^) as r ^ 0, 
for any multi-index I with |/| > 1 and 

(7.27) ^"^Ricig) = A^Ricig) + 0(r-2(™-i)) as r ^ 0. 
with m > 1. 

Proof. To show fl7.26p . we consider first the case |/| = 1 and we write VRm schemat- 
ically as 

(7.28) VRm = dRm + V* Rm, 

and note that the terms F * Rm are 0(r) as r —)■ 0. The general case follows easily 
by induction. For f l7.27p we start also with the case m = 1 and write 

AgRic = g^^ * WRic = g-^*V {dRic + F * Ric) 

(7.29) = g^^ * {d'^Ric + dT*Ric + T* dRic + F * F * Ric) 
= g-^ * d'^Ric + dV*Ric + V* dRic + F * F * Ric, 

and the term g~^ * d^Ric has the form g^^dkdiRiCij which we can also write as 

(7.30) K^R^Ci, + ((7'' - dkiRiCij. 

The terms ((7'^' — 5*^') dkiRiCij, dT * Ric, and F * dRic in fl7.29p are 0(1) as r — )■ and 
the terms F * F * Ric are O(r^) as r — as needed. The other cases follow also by 
induction. □ 

Proof of Theorems \1.S\ and \1.9\ . By Lemma [716} we can find a change of coordinates 
around the origin such that (f)^,g satisfies (17.171) and (I7.18p . Recall that the obstruction- 
flat systems have the form 

fc+i 

(7.31) Aj-% = 5^ VfRm*...*V';^Rm. 

j=2 ai+...+aj=2{k+l)-2j 

From the expression (11. 6p we can write the Bach tensor as 

(7.32) Bij = AAij - ViV'^Akj + Rm* Rm, 

and using that g has constant scalar curvature together with the Bianchi identity we 
can rewrite fl7.3ip as 

fc+i 

(7.33) Ajffic = ^ J2 VfRm*...*Vg'Rm, 

j=2 ai + ...+aj=2{k+l)~2j 

which is exactly the same form as fll.l3p . From Lemma 17.71 (I7.33P becomes 

(7.34) Aj^ffic = T, 
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where T = 0{r '^^'^ ^'') as r — )■ 0. Note that T E near the origin for p = oo if 
k = 1 and for any 1 < p < 2(k-i) if ^ > 1- the other hand, since Ric is bounded 
near the origin, Ric G W for any such p. It follows that Ric{g) is a weak solution of 
A^^,i?ic = T on Bp{0)\{0} and it is easy to prove that in that case Ric{g) extends to 
a weak solution of fl7.34p on Bp{0). We conclude that Ric e W'^^'^. Choose 

r oo if A; = 1 

(7-35) withO<e<^ifA:>l. 

Observe also that < 2A; — 1 — ^ < 1 so by the Sobolev inequality, for any a such 

that 0<a<2A;-l--we have 

p 

(7.36) \\VRic\\c-(^Bpio)) < C\\VRic\\w2k-i,p(^Bp{o)), 

with C = C{n,p, k, p) and then Ric G C^'"'{Bp{0)). Note that from the estimates 
fl7.17p and (17.181) we have g G C^'", which is sufficient for the existence of harmonic 
coordinates at the origin |DK81t Lemma 1.2.]. In this harmonic coordinate system 
the metric g is also C^'° and solves (I7.33p . Moreover, by (I7.36P and |DK81t Corollary 
1.4], Ric G C^'° near the origin. 

We then have that g is a solution of (I7.34p and is also a solution of an equation of 
the form 

(7.37) Ig'^dlgki + Qkiidg, g) = -Ricu{g), 

where Q{dg, g) is an expression that is quadratic in dg, polynomial in g and has ^/\g\ 



in its denominator. Letting p and a be as above, we know that g and Ric{g) are C 
at the origin, in particular they both are in W^'^. Using elliptic regularity in fl7.37p 
we conclude that g G W^'^ and the Sobolev inequality (compare (I7.36P ) implies that 
g G C^'°. Furthermore, since Ric G C^'° it also follows that g G (see |DK81t 
Theorem 4.5]). With this regularity in g we can write (17.330 as (17.340 in harmonic 
coordinates, i.e., we can write (I7.33P as an equation of the form A^^Ric = T' with 
T' G LP. 

Next, we claim that A^^i?zc G W^'^. To see this, take one derivative of (I7.33p . 
Since g G C^'", one sees that all of the terms on the right hand side are 0{r~'^^'^~^^) 
as r ^ 0, which is in for p as in (I7.35p . This shows that A^Ric G W^'^. Replacing 
AgRic with Ag^Ric will introduce terms as in Lemma [TTt but using the fact that Ric 
is now in C^'", we see that these terms are also in W^'^, and consequently A^^Ric G 
W^'P. Elliptic regularity then implies that Ric G l^^^fe+i.p gy ^j^g Sobolev inequality, 
Ric G C^'" and then (I7.37P implies g G C^'". It is clear that we can bootstrap the 
above argument to prove that g is smooth at the origin. □ 



38 ANTONIO G. ACHE AND JEFF A. VIACLOVSKY 

Appendix A. Turan's Lemma 

Given complex numbers zi, . . . ,Zd and a nonnegative integer / we use Si denote the 
sum 

d 

(A.l) ci,...,CdGC, Si = J2(^j^j- 

i=i 

The following lemma is the version of Turan's Lemma that we will use throughout 
this section: 

Lemma A.l. Let zi,...,Zd where d > 1 be complex numbers with \zj\ > 1 for 
j = 1, . . . ,d and let m be an integer with m > 1. Then 

(A.2) \So\' < Cma.x{\Sm+i\', • • • , \S^+d\'}, 

where the positive constant C = C{m,d) can be estimated as 

m + d^ 2(c(-i) 



(A.3) C < A{d) ^ 

(Jj 

for some constant A{d) depending only on d. 

Proof. The proof is a straightforward modification of that in |Naz93l Section 1.1]. □ 

A.l. An integral form of Turan's Lemma. Let hhe a. positive number and con- 
sider the arithmetic progression {ti = lh}i where / are nonnegative integers. Consider 
also complex numbers Ci, • • • , Crf such that Re{Q) > for j = 1, . . . , d. If we let p{t) 
denote 

d 

(A.4) pit) = Y,c,e^^\ 

i=i 

then 

d 

(A.5) p{lh) = Y,c,z]{h), 

i=i 

where Zj{h) = e^^^. Since > 1 we have from Lemma [A. II an inequality of the 

form 

/ \ / m+d 

(A.6) |p(0) p < C(m,d) ( max {\p{lh)\'^]] < C{m,d) [ \p{lh)\ 

\l=m+l,...,m+d J \ ' 



\l=m+l 



+d\2(rf-l) 



for any integer m > 1 where C(m, d) < A[d) (^^^^) 

Lemma A.2. Let (i,...,(d be complex numbers satisfying Re{(j) > for j 
1, . . . ,d, and let p{t) = ^^=1 Cjc''^^. Then for any positive numbers < a < b 

(A.7) b(0)p < Aid) ( f\p{t)?dt. 



h — a) (6 — a)" 
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Proof. Let c = ^j^, set ho = ^ = and let m be the integer part of ^ (i.e. the 
only integer m such that m < ^ < m + 1). Note that in this case m > 1. For any 
h > hj flA.6P we have 

(I T\ 2{d-l) m+d 

By our choice of m and /iq we have 

(A. 9) {m + d)ho < c + dho = b, 

so then a < IHq < b for I = m + 1, . . . ,m + d. Let r/ = ^p^, i.e. c?7 = a. Note that 
< T] < 1. By taking the average of (lA.SP respect to h on the interval {qho, Hq] we 
have 

(A.10) |p(0)|= < AW (_) j .ft. 

It is easy to see that if / : R i— )• M is a continuous nonnegative function and and Tq, Ti 
are positive numbers with Tq < Ti, then 



Ti ( rn+d \ , p{m+d)Ti 

/ Yl fiih)]dh<l 



(A.ll) / I >^ /(//i) H/i<- / f{h)dh. 

Therefore, we have 

,A.12) |p,o)|^<^(,)^(!!i±i?)^'""^£|pW|X 



where we have used that (m + l)r]ho > cq = a. We also have (1 — r])ho = 2^(b° „) • ^n 
the other hand 

so the result follows. □ 
Corollary A. 3. If p{t) is as before then for any R> we have 

(A.14) \\p\\Uo,R]<^ Hmi'dt, 

2 

and also 

(A.15) / \p{t)\'^dt<A{d) / \p{t)\'^dt. 



34i 



Proof. Let to ^ [0,-R] be such that ||p||l°o[o,/?] = ^(^o)!, and consider Pto{T) given by 

d 

(A. 16) pto(r) = ^c,e^^*Oe«^^ 
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Clearly pt^{t - to) = p{t) and |pto(0)| = ||p||l-'[o,/?]- By Lemma |X2] we have 
(A.17) bJOr < 4 . 2'-'A{d) (^-^Y" (i^^) \Ptoir)\'dr. 



Using a change of variables in (]A.17|) we obtain 
(A.18) IHrLoo[o,«]<4-4'^-^A(rf)(^) 1^ 



R 



which proves (lA.14p . Once we have shown (]A.14p we can prove (lA.lSP by writing 

"R A/j\ r2R 



(A.19) i / \p{t)\'dt < MUoM^ < ^ I \p{t)\''dt 



RJo — ^ 



3-R 
2 



□ 



A. 2. Proof of Lemma 15. 2L By making the change of variables r = e*, it it is clear 
from (15.231) that it suffices to show the following lemma 

Lemma A. 4. Let p{t) be a sum of the form 

d rij 

(A.20) p(t) = 5^X^c,,,t^e^^*, 

j=l s=0 

where rij > are integers, and Cj^s G C are fixed. Let M = Yl'j=i ■ Then 

(1) If X = min{i?e(Ci), . . . , Re{Q)} > then for every positive integer I, 

plR p{l+l)R 

(A.21) e^^ \p{t)\^dt < A{M + d) \p{t)\^dt. 

J{l-1)R JlR 

(2) If \ = min{— i?e(Ci), • • • , —Re{Q)} > 0, then for any positive integer I, 

p{l+l)R plR 

(A.22) / \p{t)\^dt<C{M + d)e-^'^ \p{t)\^dt. 

JlR J{l~l)R 

Proof. We first consider functions p : M i— )■ C that have the form 

d 

(A.23) p(t) = ^c,e^.*, 

i=i 

with Cj G C, i.e., we do not consider the case of roots Q with multiplicities. Suppose 
that all numbers (j, j = 1, . . . ,d have positive real part. Let us first prove (1A.21I) for 
1 = 1. Consider the function p{t) given by 

d 

(A.24) p{t) = Y,Cje'-'^''^^'. 
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Since Re{(j — A) > for all j = 1, . . . , d, we have from Corollary IA.3I 

(A.25) / \p{t)\''dt<A{d) / 

Jo J'^ 

multiplying both sides of f lA.25P by e'^'^^ we have 



pR pR p2R 

^XR g2At|^(^)|2^^<g3AR / \p^t)\^dt < A{d)e^^'^ \Pit)\^dt 

, , , Jo Jo 

(A-26) 



<A{d) / e'^'\pit)\'dt < A{d) / e'-'*|p(t)|"c/t, 



3R 



R 



and e2^*|p(t)p = For the case / > 1, we write any t e [{I - 1)R, {I + 1)R] as 

t = {I — 1)R + T where r G [0, 2R] and then we write p{t) as 

(A.27) p{t) = q,ir) = J2cj,ie'^'\ 

i=i 

where c^y = Cjc'-'"^-*'^. Applying the above argument to qiir) then (1A.21|) follows after 
a change of variables. If now all numbers Re{Xj) are negative for j = 1 . . . ,d, it 
suffices to prove (]A.22p for I = 1 since as before, the general case I > 1 follows after 
a change of variables. Let p{t) = J2j=i CjC^''^"'"'^^* and write t G [0, 2R] as t = 2R — r 
where r G [0,2/2], then cje(«^+^)* = Cje^^^+^^^^e-(«^+^)^ and Re{-{Q + A)) > 0, so by 
flX2B . if we let g(r) = ^^''^^ cje(«^+^)2i?g-fe+A)r obtain 

;>i? p2R 

(A.28) / |g(r)pcir<A(rf) / \qiT)\'dT. 

Jo J^ 

On the other hand, 

pR p2R p2R p§ 

(A.29) / \q{T)\'dT= mi'dt, and \q{T)\^dT = \P{t)\^dt, 

Jo Jr J^ Jo 

so from flA.28p . we have 



■■2R p2R^ p§ 

^XR I e-2^*|p(t)prft <e-^^ / \p(t)\^dt<A{d)e'^'^ \P(t)\^dt 
R Jr Jo 

— R 

< A{d) e-^^'\p{t)\^dt < A{d) [ e-^^'\p{t)\^dt, 



(A.30) 



and e-2^*|p(t)p = \pit)\^. 

For the general case involving multiplicity, we will only prove the statement for 
the case mm{Re{(i) , . . . , Re{(d)} > since the other case will follow as in the above 
argument. We consider first the case corresponding to ni = 1 and n2 = . . . = = 0. 



42 



ANTONIO G. ACHE AND JEFF A. VIACLOVSKY 



Let e > and let Pe{t) be given by 

(A.31) = ci,oe^^* + ^ (e(^^+^)* - e^^^ + ^.^oe^^*, 

then by flA.2ip for the case with no multiphcity, we have 

plR p(l+l)R 

(A.32) e^^ / \pM^dt<Aid+l) \Pe{t)\^dt, 

J{l-1)R JlR 

where A is defined as before, and since A{d + 1) does not depend on e we can take 
the hmit of f lA.32p as e tends to zero and obtain f lA.2ip . For the higher multiphcity 
case, f lA.2ip can be proved using induction. □ 
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